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We introduce the concept of a bosonic spin liquid condensate (SLC), where spinful bosons in a
lattice form a zero-temperature spin disordered charge condensate that preserves the spin rotation
symmetry, but breaks the U(1) symmetry due to a spinless order parameter with charge one. It has
an energy gap to all the spin excitations. We show that such SLC states can be realized in a system
of spin S ≥ 2 bosons. In particular, we analyze the SLC phase diagram in the spin 2 case using a
mean-field variational wave function method. We show there is a direct analogy between the SLC
and the resonating-valence-bond (RVB) state.
Pursuing new states of matter is always one of the prin-
cipal aims of condensed matter physics. Compared to
fermions which have various novel phases, bosons appear
to be somewhat trivial. The zero temperature phases of
bosons traditionally fall into three classes: the Mott insu-
lator (MI), the Bose glass, and the Bose-Einstein conden-
sate (BEC) on a single-particle state [1]. For example,
the spinful bosons in ultra-cold atom systems [2] usually
condense onto a particular spinor state, forming a spinor
BEC that spontaneously breaks both the U(1) and the
spin rotation SU(2) symmetries [3–11]. Whether bosons
can form other zero temperature phases such as a conden-
sate not on a single particle state (non-SPS), is an inter-
esting question that has been discussed extensively[12].
In particular, a condensate of spinful bosons is a non-
SPS condensate if it breaks only the U(1) symmetry but
preserves the spin rotation SU(2) symmetry [12]. So far,
however, the attempts along this direction never come
with a rigorous example. Early proposed states like the
spin-paired condensate of spin 1 bosons [13] are shown
to be unstable “Shro¨dinger cat” states with no spin gap
in the thermodynamic limit [12, 14], though they may
be favored at a finite temperature [15, 16]. Later works
also discussed the possibility of stabilizing such conden-
sates with interactions and lattices, but gave no definite
answer [17–19]. Looking for non-SPS condensates with
spin rotational invariance is nonetheless interesting, and
is in some sense reminiscent of realizing spin liquids in
fermionic systems. Such condensates may give a lot of
nontrivial physics such as the spin-charge separation, in
analogy to those in spin liquids [20].
In this letter, we introduce the concept of a bosonic
spin liquid condensate (SLC), which is a robust non-SPS
spin disordered charge condensate at zero temperature.
It is defined as a state of spinful bosons that preserves the
spin rotation symmetry with a spin gap, but has a spon-
taneously broken U(1) symmetry due to a locally defined
spinless order parameter that carries a U(1) charge. We
show a way to construct an SLC for spin S ≥ 2 bosons in
a lattice. The SLC has a direct analogy to the resonat-
ing valence bond (RVB) state for cuprate superconduc-
tors proposed by Anderson [21, 22], where bosons are free
to move with their spins confined in short range RVBs.
We calculate explicitly the SLC phase diagram for spin 2
via a mean-field variational wave function method, and
study the spin excitations and the Goldstone mode of the
state. A lot more physics in SLC is awaiting exploration.
In a Mott insulator where interaction dominates, every
site is in the lowest on-site state with a definite particle
number n. As the hopping between sites increases, a
coherent superposition of several on-site states with dif-
ferent particle numbers is preferred to gain the kinetic
energy, which is the BEC state. For spin S bosons, the
coherent superposition usually induces a non-vanishing
spinor order parameter ϕm = 〈ψi,m〉, where ψi,m is
the boson field operator, and one obtains a spinor BEC
breaking the spin rotation symmetry. However, suppose
the lowest two on-site states are spin singlet states close
to each other in energy, while the energies of all the other
states are much higher. When the hopping is not too
large, the system may prefer a superposition of the two
singlet states only, forming a spin singlet condensate with
〈ψi,m〉 = 0 ensured by the spin rotation symmetry. It is
nonetheless possible to construct a non-vanishing order
parameter that carries a U(1) charge and total spin zero
(see Eq. (2)).
To find such on-site state spectrums explicitly, we ex-
amine the spin Bose Hubbard model widely used for de-
scribing spin S bosons in a lattice. The Hamiltonian
H = HI +Ht can be written in the following two parts:
HI = −µ
∑
i
nˆi +
1
2
∑
i
[
S∑
J=0
U2J PˆS2J(i)
]
,
Ht = −
∑
〈ij〉,m
(
tψ†i,mψj,m + h.c.
)
,
(1)
where µ is the chemical potential, U2J ≥ 0 is the on-
site Hubbard interaction energy between two bosons
of total spin 2J , and t is the nearest hopping am-
plitude. ψi,m is the boson field operator, where i
and j label the lattice sites, m denotes the spin z
component. nˆi =
∑
m ψ
†
i,mψi,m is the particle num-
ber on site i. The non-negative projection operator
PˆS2J(i) is defined as PˆS2J(i) =
∑
mA†2Jm(i)A2Jm(i) with
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2FIG. 1. The on-site energy levels computed for U4 = 3U2 =
30U0 and µ = µ0 − ∆, where µ0 = 3U2 − U0. The x and y
axes are the particle number n and the energy E in units of
U0 respectively. Enl represents the energy of the on-site state
with particle number n and total spin l. The arrows show
the transition process from |2, 0, 0〉i to |3, 0, 0〉i via three time
hoppings, which must overcome an activation energy Ea.
A2Jm(i) =
∑
m′〈2J,m|S,m′;S,m − m′〉ψi,m′ψi,m−m′ ,
where 〈2J,m|S,m′;S,m−m′〉 is the Clebsch-Gordan co-
efficient. The on-site state energy spectrum can be ob-
tained by diagonalizing HI . For spin S = 1 bosons, we
find it impossible to have both the lowest two on-site
states be spin singlets (see supplementary material [23]).
However, this is possible for bosons with spin S ≥ 2.
We study spin 2 bosons in this letter to show how an
SLC can be realized. First, we need to find a parame-
ter regime where the lowest two on-site states are sin-
glet states. Generally, the on-site states can be labeled
as |n, l,m, γ〉i, where n is the particle number, l is the
total spin of the n particles, m is the z-component of
the total spin, and γ is an additional quantum number
[23, 24]. In our discussion, we shall omit the label γ, since
all the states involved are distinguishable through their
n, l,m labels [23]. The minimal two singlet states of spin
2 bosons are the dimer state |2, 0, 0〉i and the trimer state
|3, 0, 0〉i, consisting of two and three bosons respectively
[25, 26]. We find when U0 < U2 < (36U4 + 49U0)/85 and
µ = µ0 = 3U2 − U0, the two singlet states become de-
generate and have the lowest on-site energy. To see this
explicitly, we plot the on-site state energy spectrum for
U4 = 3U2 = 30U0 and µ = µ0 −∆ in Fig. 1. The on-site
energy of each state |n, l,m〉i is denoted by Enl. An easy
calculation shows that E30 − E20 = ∆. For later conve-
nience, we define Ea as the energy difference between the
third and the lowest energy levels, as is shown in Fig. 1.
The desired regime is then |∆|  Ea.
Then, for the SLC ground state to be favored, the tran-
sition amplitude between the two on-site states |2, 0, 0〉i
and |3, 0, 0〉i must be large enough. The transition am-
plitude originates from the hopping energy Ht. How-
ever, the tunneling from |2, 0, 0〉i to |3, 0, 0〉i cannot be
achieved by a single hop, since a single hop will change
a singlet state to a state with total spin l = 2. For the
transition to occur, the site must hop with nearby sites
for at least 3 times, during which the site must go to
two intermediate states with energy of order Ea, as is
shown in Fig. 1. In perturbation theory, this mechanism
gives us a effective hopping amplitude between the singlet
dimer state and the trimer state teff = t
3/E2a. When the
hopping amplitude increases to |teff/∆| ∼ 1, the system
would prefer a coherent superposition of the dimer and
trimer states. On the other hand, the condition |∆|  Ea
ensures that |t/Ea|  1, so the superposition with any
other states is not yet favorable, and the system will form
an SLC. We can write down a spin-rotationally invariant
operator λˆi [23]:
λˆi =
2∑
m,m′=−2
Dm′mψi,m′ψi,mψ
†
i,m+m′ (2)
where the coefficient Dm′m = (−1)m+m′〈0, 0|2,−m −
m′; 2,m + m′〉〈2,m + m′|2,m′; 2,m〉, and define an or-
der parameter λ = 〈λˆi〉. It can be shown that
[Sˆi, λˆi] = 0 , [nˆi, λˆi] = −λˆi ,
where Sˆi is the total spin of site i, hence λˆi is a charge 1
operator. The minimal flux of a superfluid vortex is thus
2pi. The definition of λˆi again indicates the significance
of hopping 3 times in the SLC. The existence of the or-
der parameter λ ∝ 〈ψiψiψ†i 〉 also shows that there is an
off diagonal long range order (ODLRO) in the 3-particle
density matrix ρ(3). The leading eigenvalue of ρ(3) can be
estimated as r3 ∼
∑
j〈λˆ†i λˆj〉 ≈ NS |λ|2 ∼ O(N), where
NS and N are the total number of sites and bosons re-
spectively. However, there is no ODLRO in ρ(1) or ρ(2)
[23, 27]. This implies that any boson participating in this
condensate is “dressed”: Its spin is fully screened by a
local virtual particle-hole pair, while its charge remains
unchanged. This is a key difference between SLC and the
spin-paired charge 2 condensate in Ref. [13], where the
ODLRO arises in ρ(1) [12].
To confirm the existence of the SLC phase, we have
proposed a mean-field variational wave function for the
ground state of the system:
|SLC〉 = Sym
∏
〈ij〉
[
u+
∑
m
(
vψ†i,mψj,m + h.c.
) ]
×
∏
i
(
α|2, 0, 0〉i + β|3, 0, 0〉i
)
, (3)
3FIG. 2. The phase diagram for U4 = 3U2 = 30U0 and z = 4
with respect to the chemical potential µ and the hopping zt.
Ea ≈ 10U0 as is shown in Fig. 1. Dimer MI and trimer MI
stands for the singlet Mott insulators with n = 2 and n = 3
respectively. In the large t limit the system becomes a spinor
BEC (nematic phase according to Ref. [5–7]).
in terms of four variational parameters u, v and α, β sat-
isfying |α|2 + |β|2 = 1. The notation Sym represents a
symmetrization of all nearest-site bonds 〈ij〉 so that there
is no preferred sequence of 〈ij〉 in the product. The prod-
uct operator in the front defined on 〈ij〉 represents the
quantum fluctuation induced by Ht, and establishes the
correlation between lattice sites. In the limit |t/Ea|  1,
a simple estimation gives v/u ∼ t/Ea, and the quantum
fluctuation is weak. However, it is indispensable in the
calculation of the energy contribution of the 3 times hop-
pings. It is easy to show the order parameter of SLC de-
fined in Eq. (2) is given by λ =
√
12
5
[
1 +O(∣∣ vu ∣∣2)]α∗β.
All we need to do then is to minimize the variational
energy per site EG = 〈H〉/NS , and the SLC state is char-
acterized by λ ∝ α∗β 6= 0.
Since v/u is a small parameter, as a good approxi-
mation we can derive the variational energy per site EG
up to the quadratic order |v/u|2. We choose t real and
positive so that there is no flux in the lattice, which al-
lows α, β to be set real. Up to the quadratic order, the
normalization condition for the wave function is given by
|u|2+2z(2+β2)(7+β2)|v|2/5 = 1, where z is the number
of nearest neighbours of a site. After some calculations,
the variational energy EG can be expressed as [23]:
EG = |u|2β2∆− 2
5
ztRe(u)Re(v)
(
2 + β2
) (
7 + β2
)
− 36
5
zt|v|2 (1− β2)β2 + 1
2
z|v|2V (β2) , (4)
where V (β2) is a quadratic function of β2 given in the
supplementary material [23], which is of order Ea. In
particular, we minimize the variational energy EG for
U4 = 3U2 = 30U0 and z = 4, and the phase diagram
is shown in Fig. 2. The SLC phase arises in the regime
we expected. The boundary of spinor BEC phase is ob-
tained separately by the known Gutzwiller method [23].
FIG. 3. (a). How a particle moves in SLC. Suppose ini-
tially two nearby sites are in states |3, 0, 0〉i (left) and |2, 0, 0〉i
(right) respectively. Hopping once induces a singlet valence
bond between the two sites and costs energy of order Ea. By
two more hoppings, the two sites become spin singlets again
and the valence bond is erased, while a particle moves to the
right site. (b) Illustration of various resonating valence bonds
created and annihilated due to the motion of particles in SLC.
In the limit t/Ea  1, the phase boundaries between
SLC and the Mott insulators take the following form:
∆ + a±
zt2
Ea
= ±b2±
zt3
E2a
, (5)
where a± and b± are dimensionless factors depending
on the interaction parameters U2J only. This result
agrees with our expectation |teff/∆˜| ∼ 1 for the phase
transition, except for that the on-site energy difference
∆˜ = ∆+a±zt2/Ea is corrected by a second order virtual
hopping perturbation. The SLC finally becomes unsta-
ble against quantum fluctuations when t/Ea ∼ 1, and
the spinor BEC phase takes charge.
We now take a closer look at the SLC state, and show
it has an energy gap to all the spin excitations. To pos-
sess the charge superfluidity, particles in the SLC have
to move around and undergo macroscopic ring exchanges
[28]. However, the motion of the particles must not break
the spin rotational symmetry. This is in fact naturally
achieved by hopping 3 times. As is shown in Fig. 3(a),
suppose a particle in a trimer state is to move to a nearby
site dimer state on the right. By hopping once, both sites
become high energy states of total spin l = 2. Due to the
spin rotational symmetry of Ht, they form a spin singlet
valence bond of length 1. To lower the energy, the par-
ticle must hop back to the left site and then forward to
the right site, so that the left and right sites become sin-
glet states again, with the particle numbers exchanged.
By such a process, the particles are free to move in the
lattice, with their spins confined in singlet valence bonds
created and erased resonantly. SLC is in this sense anal-
ogous to the dopped RVB state suggested by Anderson
for high temperature cuprates [21, 22, 29], where elec-
trons form resonating valence bonds while breaking the
4U(1) symmetry. In principle, singlet valence bonds of
length L > 1 can arise by hopping more times, as is
shown in Fig. 3(b). According to Eq. (3), the ampli-
tude of creating a singlet valence bond of length L is ap-
proximately (v/u)L ∝ (t/Ea)L, decaying exponentially
as a function of L. The singlet valence bonds in SLC
are thus short range, indicating that all the spin excita-
tions are gapped. The spin correlation length is roughly
ξS ≈ 1/ ln(ycEa/t), where yc = (t/Ea)c is the critical
value for the phase transition from SLC to a spinor BEC.
More physics in the RVB studies may come in parallel in
SLC, such as the mapping to a loop gas model [30]. The
loop gas model for SLC has an action similar to that of
the loop gas model for RVB, except for that it does not
require all the sites to be covered by loops [23].
By the Goldstone theorem, the SLC should have a gap-
less mode that is spinless, corresponding to the broken
U(1) symmetry. This mode can be derived at low en-
ergies by perturbation of the wave function |SLC〉. For
convenience, we rewrite ψi,m =
√
nˆi,me
iφi,m , where ni,m
and φi,m satisfies [nˆi,m, φj,m′ ] = iδijδmm′ . The global
phase can then be expressed as φi =
∑
m φi,m/5, which
is rotationally invariant and satisfies the commutation
relation [ni, φj ] = iδij , where nˆi is the particle number.
We denote the fluctuations of particle number and global
phase by δnˆi = nˆi−〈nˆi〉 and δφi = φi−〈φi〉. With α and
β real and positive, we have 〈nˆi〉 = 2 + β2 and 〈φi〉 = 0.
By adding the two fluctuations δnˆi and δφi to the varia-
tional wave function in Eq. (3), one obtains a low energy
effective Hamiltonian:
Heff =
∑
k
[ 1
8β2
d2EG
dβ2
δnˆkδnˆ−k
+
18
5
zt|v|2(1− β2)β2
d
k2δφkδφ−k
]
,
(6)
where d is the dimension of the system. This is a Hamil-
tonian of harmonic oscillators that can be easily diag-
onalized, and hence we get a linear energy dispersion
ωk = vsk, where vs =
√
9zt|v|2(1− β2)(d2EG/dβ2)/5d
is the superfluid velocity. In the limit t/Ea  1, the
velocity is asymptotically vs ∝ αβt5/2/E3/2a . This linear
Goldstone mode is obviously spinless, and thus describes
the charge fluctuations only. The distinct energy disper-
sions of spin and charge excitations naturally lead to a
spin-charge separation in SLC.
Using the wave function |SLC〉, one can easily show
that the 1-particle density matrix ρ(1) has the form
ρ
(1)
mm′(xi,xj) = 〈ψ†i,mψj,m′〉 ≈ δmm′e−|xi−xj |/ξS , (7)
where ξS is the spin correlation length defined above.
This demonstrates that ρ(1) has no eigenvalue of order
N . In contrast, in the limit |xi − xj | → ∞,
ρ(3)m1m2m3m4m5m6(xi,xi,xj ,xi,xj ,xj)
=δm1+m2−m4δm5+m6−m3D
∗
m1m2Dm5m6 |λ|2 6= 0 ,
(8)
which indicates ρ(3) has an eigenvalue of order N [23].
Though we have only analyzed the SLC for spin 2
bosons, this way of constructing SLC phases is quite gen-
eral. For bosons with spin S > 2 in a lattice, there are
more Hubbard parameters U2J , and more low energy sin-
glet on-site states can be constructed [26]. We therefore
expect more SLC phases to exist in higher spin boson
systems.
Finally, we briefly discuss on the experimental realiza-
tion and observation of SLC in cold atom experiments.
The Bose-Hubbard model can be implemented by trap-
ping bosonic atoms into an optical lattice. The Mott-
superfluid physics of spinless bosons has been observed in
several experiments [31–36]. For hyperfine spin 2 atoms
23Na, 83Rb or 87Rb which have been experimentally stud-
ied, it is possible to realize an SLC in a lattice if the
Hubbard interaction parameters U2J can be tuned prop-
erly through Feshbach resonances. Such an SLC can be
distinguished from a spinor BEC or a Mott insulator ex-
perimentally. The superfluidity of SLC can be verified
by single-atom-resolved imaging [35, 36], or by seeing
a Goldstone mode in the Bragg spectroscopy measure-
ment [37]. The spin rotational symmetry can be easily
seen through a Stern-Gerlach imaging, since the symme-
try ensures the populations on all spin z-components to
be equal, namely, 〈nˆi,m〉 = 〈nˆi〉/5 [26].
In summary, we have introduced the concept of SLC
as a robust spin disordered charge condensate at zero
temperature, and have showed how to realize it for spin
S ≥ 2 bosons in a lattice. In particular we analyze in
details the SLC phase for spin 2 bosons, and verify that
it has a spin gap and a gapless spinless Goldstone mode,
which indicates a spin-charge separation. Bosons in the
SLC move around in accompany with the creation and
annihilation of spin singlet valence bonds, which is in
analogy to electrons in the RVB state proposed for high
temperature cuprates. Lastly, we shortly discussed the
possibilities of SLC in the experiments.
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SUPPLEMENTARY MATERIAL
On-site state energy spectrums of spin 1 bosons
The on-site interaction energy of spin 1 bosons can be rewritten as
HI =
∑
i
[
−µnˆi + f0nˆi(nˆi − 1) + f1Sˆ2i
]
, (9)
where we have redefined interaction parameters f0 = (2U2 + U0)/6 and f1 = (U2 − U0)/6, while Sˆi = ψ†i,aSabψi,b is
the total spin operator on site i (Sab is the spin 1 matrix). The on-site states of spin 1 bosons can then be labeled
uniquely as |n, l,m〉, where n is the number of bosons, l is the total angular momentum, while m is the z-component
of the total angular momentum. The values of n and l are restricted to satisfy n ≥ l ≥ 0 and n+ l even. The energy
spectrum of the spin 1 boson on-site state |n, l,m〉 is then
Enl(S = 1) = −µn+ f0n(n− 1) + f1l(l + 1) . (10)
If one want to make both the lowest two energy levels be spin singlets with l = 0, one has to first tune the chemical
potential to µ = (4p − 3)f0 where p is a positive integer, so that we have two low energy singlet states |2p − 2, 0, 0〉
and |2p, 0, 0〉 degenerate. Then one has to raise the energy of states |2p− 1, 1,m〉 to make the two singlet states the
lowest. This means
E2p−1,1(S = 1)− E2p,0(S = 1) = 2f1 − f0 = −U0/2 > 0 , (11)
namely U0 < 0. Such an attractive interaction between bosons is unlikely to be achieved experimentally, and may
induce instabilities against decaying mechanisms like the pair formation. This is the reason we require all U2J ≥ 0
at the beginning. Therefore, it is impossible to find a physical parameter regime where the SLC could arise for spin
1 bosons. One can still study such spin 1 models with attractive interactions from a purely theoretical perspective,
which may yield an SLC with elementary charge 2, yet we will not discuss this case here. Furthermore, such a charge
2 SLC may be in some sense viewed as a traditional BEC of the binary molecules formed by two bosons under the
attractive U0, and is therefore not as interesting as the charge 1 SLC of spin 2 bosons here.
6TABLE I. Several normalized on-site states of spin 2 bosons and their energies.
quantum numbers |n, l,m, γ〉 state construction (particle vacuum |Ω〉) on-site energy Enlγ
|1, 2,m, 1〉 ψ†i,m|Ω〉 −µ
|2, 0, 0, 0〉 Dˆ†i |Ω〉 U0 − 2µ
|2, 2,m, 2〉 (−1)m
√
5
3
ψi,−mTˆ
†
i |Ω〉 U2 − 2µ
|2, 4,m, 2〉 1√
2
〈4,m|2,m1; 2,m2〉ψ†m1ψ†m2 |Ω〉 U4 − 2µ
|3, 0, 0, 3〉 Tˆ †i |Ω〉 3U2 − 3µ
|3, 2,m, 1〉
√
5
7
ψ†i,mD
†|Ω〉 7
5
U0 +
4
7
U2 +
36
35
U4 − 3µ
|4, 2,m, 2〉
√
5
3
Dˆ†i |2, 2,m, 2〉 95U0 + 157 U2 + 7235U4 − 4µ
|4, 2,m, 4〉
√
15
22
ψ†i,mTˆ
†
i |Ω〉 − 1√11 |4, 2,m, 2〉 337 U2 + 97U4 − 4µ
On-site state energy spectrums of spin 2 bosons
Now we briefly introduce the more complicated on-site state spectrum of spin 2 bosons. This is discussed in Ref.
[6, 25], and in more details in Ref. [24]. In general, unlike those of spin 1 bosons, the on-site states of bosons of higher
spin cannot be uniquely labeled by n, l and m. One has to introduce additional quantum numbers to label the states.
For spin 2 bosons, we can define two spinless operators Dˆ†i = (1/
√
40)tr(ψ†iψ
†
i ) and Tˆ
†
i = (1/
√
140)tr(ψ†iψ
†
iψ
†
i ),
where the ψ†i is the rewritten traceless matrix (2-tensor) form of field operators ψ
†
i,m as is defined in Eq. (1) of Ref.
[25]. Their explicit forms are given by
Dˆ†i =
1√
10
(
2ψ†i,+2ψ
†
i,−2 − 2ψ†i,+1ψ†i,−1 + ψ†i,0
2
)
,
Tˆ †i =
1√
420
(
12ψ†i,+2ψ
†
i,0ψ
†
i,−2 + 6ψ
†
i,+1ψ
†
i,0ψ
†
i,−1 − 3
√
6ψ†i,+2ψ
†
i,−1
2 − 3
√
6ψ†i,−2ψ
†
i,+1
2 − 2ψ†i,0
3
)
.
(12)
They satisfy the relations [Dˆ†i Dˆi, HI ] = [Tˆ
†
i Tˆi, HI ] = 0. The interaction Hamiltonian can be rewritten in the form
HI =
∑
i
[
−µnˆi + g0
2
nˆi(nˆi − 1) + g1
2
(Sˆ2i − 6nˆi) + 5g2Dˆ†i Dˆi
]
, (13)
where g0 = (4U2 + 3U4)/7, g1 = (U4 − U2)/7, g2 = (U0 − U4)/5 − 2(U2 − U4)/7, while Sˆi = ψ†i,aSabψi,b is the total
spin operator for spin 2 bosons, with Sab here the spin 2 matrix [24, 25]. The key to find the energy spectrum is to
define three operators Dˆ+i =
√
5/2Dˆ†i , Dˆ
−
i =
√
5/2Dˆi and Dˆ
z
i = (2nˆi + 5)/4, and note that they satisfy the SU(1, 1)
algebra:
[Dˆ+i , Dˆ
−
i ] = −2Dˆzi , [Dˆzi , Dˆ±i ] = ±Dˆ±i . (14)
They give us a Casimir operator Dˆ2i = −(Dˆ−i Dˆ+i + Dˆ+i Dˆ−i )/2+ Dˆz2i . Any on-site state can therefore be written in the
form |χ〉i = (Dˆ†i )k|χ0〉i, where |χ0〉i is a state satisfying Dˆi|χ0〉i = 0. Suppose the state |χ0〉i satisfies nˆi|χ0〉i = γ|χ0〉i
where γ is an integer. Then a general on-site state can be labeled by |χ〉i = |n, l,m, γ〉i = (Dˆ†i )(n−γ)/2|χ0〉i, and its
energy is given by [24]
Enlγ(S = 2) = −µn+ g0
2
n(n− 1) + g1
2
[l(l + 1)− 6n] + g2
8
[
(2n+ 3)2 − (2γ + 3)2] . (15)
Certainly, there are some constraints between the values n, l and γ, which is discussed in Ref. [24].
For later use, we list in Tab. I several of the on-site states (normalized) and their energies. For our purpose, it is
sufficient to focus on only the lowest several on-site states shown in Fig. 1, which are distinguishable by n, l, m solely,
so we shall omit the quantum number γ in most places for simplicity. In particular, E42 in Fig. 1 denotes the energy
of the state |4, 2,m, 2〉, since the state |4, 2,m, 4〉 does not take part in the three-time hopping process shown in Fig.
3(a) (there is no direct hopping from |4, 2,m, 4〉 to |3, 2,m′, 1〉).
By examining the on-site state energy spectrum of spin 2 bosons, one finds when 0 ≤ U0 < U2 < (36U4 + 49U0)/85
and µ = µ0 = 3U2 − U0, the two spin singlet states |2, 0, 0, 0〉 (dimer state) and |3, 0, 0, 3〉 (trimer state) become
degenerate and have the lowest energy.
7On the order parameter λ
We have defined a spinless order parameter λ in the main text:
λ = 〈λˆi〉 = 〈
2∑
m,m′=−2
Dm′mψi,m′ψi,mψ
†
i,m+m′〉 , (16)
where the coefficient Dm′m = (−1)m+m′〈0, 0|2,−m − m′; 2,m + m′〉〈2,m + m′|2,m′; 2,m〉. To see λ has a spin
rotational symmetry, we first note that the three combinations:∑
m
|2,m〉ψi,m,
∑
m
(−1)m|2,−m〉ψ†i,m,
∑
m
|2,m〉〈2,m| ,
are spin rotationally invariant as is easily verified, where |2,m〉 stands for a spin state with spin 2. We can therefore
rewrite the order parameter as
λ = 〈
(
〈0, 0|
)[(∑
m1
|2,m1〉〈2,m1|
)(∑
m2
|2,m2〉ψi,m2
)(∑
m3
|2,m3〉ψi,m3
)](∑
m4
(−1)m4 |2,−m4〉ψ†i,m4
)
〉 , (17)
which is explicitly spin rotationally invariant. One can further verify directly that λˆi satisfies [Sˆi, λˆi] = 0 where Sˆi is the
total spin defined in last section, and [nˆi, λˆi] = −λˆi. Under U(1) transformations ψi,m → eiφψi,m, ψ†i,m → e−iφψ†i,m,
it is easy to see λˆi → eiφλˆi, so the order parameter carries charge 1. One can therefore create a vortex around which
the phase φ increases 2piM (required by periodic boundary condition), and if one measure the order parameter λ,
there will be a 2piM flux in the vortex (M ∈ Z).
We can define the 3-particle density matrix ρ(3) as
ρ(3)m1m2m3m4m5m6(xi1 ,xi2 ,xi3 ,xi4 ,xi5 ,xi6) = 〈ψ†i1,m1ψ†i2,m2ψ†i3,m3ψi4,m4ψi5,m5ψi6,m6〉 . (18)
The off diagonal terms of ρ(3) can be seen to decay exponentially as the six points xiα are far from each other, unless
three points of them coincide while the other three points also coincide. For instance, when xi1 = xi2 = xi4 and
xi3 = xi5 = xi6 , the matrix element is a constant ∼ |λ|2 as |xi1 − xi3 | → ∞. Actually, a direct calculation using the
mean-field variational wave function |SLC〉 gives
ρ(3)m1m2m3m4m5m6(xi1 ,xi2 ,xi3 ,xi4 ,xi5 ,xi6) ≈
{
δm1−m4δm2−m5δm3−m6〈nˆi〉3e−(|xi1−xi4 |+|xi2−xi5 |+|xi3−xi6 |)/ξS
+
∑
P6=1
[
(1, 2, 3)↔ P(1, 2, 3)
]}
+
{
e
−
(
|x(1)F −xi1 |+|x
(1)
F −xi2 |+|x
(1)
F −xi4 |+|x
(2)
F −xi3 |+|x
(2)
F −xi5 |+|x
(2)
F −xi6 |
)
/ξS
× δm1+m2−m4δm5+m6−m3D∗m1m2Dm5m6 |λ|2 + (1↔ 3) + (2↔ 3) + (4↔ 5) + (4↔ 6) + (1↔ 3, 4↔ 5)
+ (1↔ 3, 4↔ 6) + (2↔ 3, 4↔ 5) + (2↔ 3, 4↔ 6)
}
,
(19)
where P stands for permutation, while x(1)F and x(2)F are the Fermat points of triangles 4xi1xi2xi4 and 4xi3xi5xi6
respectively. The Fermat point of a triangle has a minimal sum of distances to the three vertices of the triangle. The
first term represents the diagonal elements, while the second gives the off-diagonal elements. In particular, one sees
that in the limit |xi − xj | → ∞,
ρ(3)m1m2m3m4m5m6(xi,xi,xj ,xi,xj ,xj) = δm1+m2−m4δm5+m6−m3D
∗
m1m2Dm5m6 |λ|2 6= 0 . (20)
There is therefore an ODLRO in ρ(3), and the largest eigenvalue r3 in ρ
(3) is of order N . As is shown in the following
section of supplementary material, there is therefore no ODLRO in ρ(1) and ρ(2).
This means that the bosons do not condense directly in the conventional way. As is seen from the order parameter
λ ∼ 〈ψψψ†〉, any boson participating in the condensate is “dressed”: Its spin is fully screened by a local virtual
particle-hole pair, while its charge remains unchanged since a particle-hole pair carries no charge. SLC is therefore a
condensate of spinless “dressed bosons”.
8ODLRO in k-particle density matrix (j > 1)
In the definition of SLC, we require ODLRO in a j-particle density matrix ρ(j) (j > 1), by which we mean there
is no ODLRO in k′-particle density matrix ρ(j
′) if j′ < j. We note that, the minimal condition for ODLRO to arise
in the j-particle density matrix ρ(j) is to have the largest eigenvalue rj of ρ
(j) of order O(N), where N is the total
number of particles [27]. By Ref. [27], the largest eigenvalues rj of the reduced density matrices of bosons satisfy
r1 ≤ N , r21 − r1 ≤ r2 ≤ N(N − 1) , r31 − 2r21 − r2 ≤ r3 ≤ N(N − 1)(N − 2) , · · · (21)
So it is possible to have no eigenvalues of order O(N) in ρ(j′) where j′ < j, while having rj of order O(N). For
fermions, the lowest density matrix for ODLRO to arise is the 2-particle density matrix. For traditional BECs on a
single-particle state, the largest eigenvalue r(j) of ρ(j) is of order O(N j). In our SLC example of spin 2 bosons here,
we have a spinless order parameter λ that is given by a three-boson operator, as is defined in Eq. (2) of the letter.
This means the state has an ODLRO in the 3-particle density matrix ρ(3), whose largest eigenvalue is given by
r3 ≈
∑
i′
〈λˆ†i λˆi′〉 ≈
∑
i′
λ∗(xi)λ(xi′) = NS |λ|2 ∼ O(N) , (22)
where NS is the number of sites. A straightforward corollary of this result is that the largest eigenvalue r1 of the
single-particle density matrix is no larger than O(N1/3), demonstrating that the SLC state is a non-SPS charge
condensate. Similarly, the largest eigenvalue r2 of ρ
(2) is no larger than O(N2/3).
In contrast, the spin-paired condensate of spin 1 bosons proposed in Ref. [13] has eigenvalues of order N already
in the single-particle density matrix ρ(1) [12].
Derivation and minimization of the variational energy EG
The motivation of writing the trial wave function
|SLC〉 = Sym
∏
〈ij〉
[
u+
∑
m
(
vψ†i,mψj,m + h.c.
) ]
×
∏
i
(
α|2, 0, 0〉i + β|3, 0, 0〉i
)
(23)
is very simple. Firstly, since we are in the Mott regime t  U2J , the ground state should be a superposition of the
dimer and trimer state, which are the only low energy on-site states. Ht at this time only serves as a perturbation.
As we have said, the superfluid necessarily needs the contribution of hopping 3 times, we have to therefore write a
more exact wave function corrected by the perturbation theory to include higher order perturbations, which can be
approximately written in the above form.
We first derive the normalization condition of this mean-field variational wave function in the limit v/u  1, in
which we have already assumed |α|2 + |β|2 = 1. This can be done more exactly via the loop gas approach discussed
later, but a simple estimation up to the quadratic order |v/u|2 is enough here. We first focus on a site i and its z
neighbouring sites j. To the lowest order the wave function around site i can be approximated as
|φ(u, v)〉i ≈ u|s〉i
∏
j∈〈ij〉
|s〉j + vψ†i,m|s〉i
∏
j∈〈ij〉
ψj,m|s〉j + v∗ψi,m|s〉i
∏
j∈〈ij〉
ψ†i,m|s〉j , (24)
where we have written |s〉i = (α|2, 0, 0〉i + β|3, 0, 0〉i) in short. The normalization of this wave function gives
1 = 〈φ(u, v)|φ(u, v)〉i ≈ |u|2 + 2z|v|2
(
i〈s|ψi,mψ†i,m|s〉i
)(
j〈s|ψ†j,mψj,m|s〉j
)
= |u|2 + 2
5
z|v|2(2 + β2)(7 + β2) . (25)
The entire wave function can be very roughly viewed as NS copies of state |φ(u, v)〉i, where NS is the number of sites.
We can therefore coarsely estimate the normalization 〈SLC|SLC〉 ≈ 〈φ(u, v)|φ(u, v)〉NS/2i = 1, where the factor 1/2
in the exponent is to counter the double counting of lattice bonds in estimating the hopping contributions in this
approach. We shall therefore use Eq. (25) as the normalization constraint (whose exact form will not affect the phase
diagram in the limit v/u→ 0).
Then we proceed to derive the variational energy per site EG = 〈HI +Ht〉/NS . For convenience, we shift the zero
point of the on-site interaction energy in the following so that the energy of the dimer state |2, 0, 0〉 is fixed at 0.
Assume the chemical potential is µ = µ0 −∆ where ∆ is small. It is easy to see that E30 − E20 = ∆. Following the
above, we want to keep only up to the quadratic order |v/u|2.
9The interaction energy comes from two parts: the on-site energy of the singlet state |s〉i, and the energy of singlet
valence bonds arising from the background. As is shown in the letter, the probability for a singlet valence bond of
length L to arise is of order |v/u|2L, so it is sufficient to keep only the L = 1 valence bonds. A singlet valence bond
of length L = 1 has a wave function (that is not normalized) |b〉ij =
∑
m(ψ
†
i,mψj,m + ψi,mψ
†
j,m)
∏
k |s〉k. Define a
valence-bond energy V (β2) =ij 〈b|HI(i & j)|b〉ij , where HI(i & j) is the interaction Hamiltonian on site i and j only.
(To be clear, the energy of a singlet valence bond of length L = 1 is V (β2)/ij〈b|b〉ij instead of simply V (β2), since
the wave function is not normalized.) After a careful calculation, this energy is shown to be
V (β2) =
2
5
{
(2 + β2)
[
7G32(1− β2) + 8G42β2
]
+ (7 + β2)
[
2G12(1− β2) + 3G22β2
]}
, (26)
where we have defined G32 = E321−E200, G42 = (11E424+E422)/12−E200, G12 = E121−E200, and G22 = E222−E200,
in terms of the energies computed in Tab. I. All of them are positive and of order Ea. We note that V (β
2) is a quadratic
function of β2. Since the total number of bonds is zNS/2, each site owns in average z/2 bonds. The interaction energy
per site is then
〈HI〉/NS ≈ |u|2β2∆ + 1
2
z|v|2V (β2) , (27)
where the first term comes from the energy of the background singlet state |s〉i.
In the estimation of the hopping energy we assume t > 0 is real and positive, namely we do not consider any
magnetic flux. This allows us to set both α and β real on all sites (we have already done so in the above). By directly
acting with Ht onto the wave function |SLC〉, we can represent the hopping energy per site up to quadratic order
|v/u|2 after a rearrangement as
〈Ht〉/NS = −zt
2
(u+ u∗)(v + v∗)
∑
m
(
i〈s|ψi,mψ†i,m|s〉i
)(
j〈s|ψ†j,mψj,m|s〉j
)
− 2× zt
2
|v|2
∑
m1,m2,m3
[ (
i〈s|ψi,m1ψi,m2ψ†i,m3 |s〉i
)(
j〈s|ψ†j,m1ψ†j,m2ψj,m3 |s〉j
)
+ (i↔ j)†
+
(
i〈s|ψi,m1ψ†i,m2ψi,m3 |s〉i
)(
j〈s|ψ†j,m1ψj,m2ψ†j,m3 |s〉j
) ]
.
(28)
Calculation of the first term is straightforward. To calculate the second term, one can use the Wigner-Eckart theorem
in the group theory, which tells us that
i〈s|ψi,m1ψi,m2ψ†i,m3 |s〉i = cδm1+m2,m3
√
5
(
2 2 2
m1 m2 −m1 −m2
)
, (29)
where we have used the Wigner-3j symbol instead of the Clesch-Gordan coefficient. c here is a coefficient. It is easy
to find c = 2
√
3/5 by calculating an example. Similar relations with the same coefficient c = 2
√
3/5 hold for the other
three-boson operator expectation values. The hopping energy is then calculated to be
〈Ht〉/NS = −zt
2
(u+ u∗)(v + v∗)5 · 2α
2 + 3β2
5
· 7α
2 + 8β2
5
− zt|v|2α2β2
∑
m1,m2
5
(
2 2 2
m1 m2 −m1 −m2
)2 (2√3
5
)2
+
(
2
√
3
5
)2
+
(
2
√
3
5
)2
= −2
5
ztRe(u)Re(v)(2 + β2)(7 + β2)− 36
5
zt|v|2(1− β2)β2 .
(30)
Putting the two parts of energy together, we have
EG = |u|2β2∆− 2
5
ztRe(u)Re(v)
(
2 + β2
) (
7 + β2
)− 36
5
zt|v|2 (1− β2)β2 + 1
2
z|v|2V (β2) , (31)
where 0 ≤ β2 ≤ 1 is imposed. Obviously, for the energy to be the lowest, both u and v should be real and positive,
as is assumed then.
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FIG. 4. The value of |β|2 where the variational energy is minimized for zt/U0 = 5.5. As one increase the chemical potential µ,
|β|2 becomes nonzero at some point, gradually increases to 1 and then stop. This indicates the phase transitions from dimer
MI to SLC and then to trimer MI.
Now we optimize the variational energy, and derive the phase boundary of the SLC phase. By Eq. (25) in the
above we can eliminate u and write EG as a function of β2 and v. The minimum energy in the SLC phase is achieved
when
0 =
1
v
∂EG
∂v
= −4
5
(2 + β2)(7 + β2)β2∆ + zV (β2)− 72
5
zt(1− β2)β2
− zt
[
2
5
(u
v
)
(2 + β2)(7 + β2)− 4
25
( v
u
)
(2 + β2)2(7 + β2)2
]
,
0 =
1
u2
∂EG
∂(β2)
= ∆− 2
5
zt
( v
u
)
(9 + 2β2) +
1
5
z
( v
u
)2 [5
2
∂V (β2)
∂(β2)
− 2(9β2 + 2β4)∆− 36t(1− 2β2)
]
.
(32)
If the system is right on the SLC phase boundary, the above conditions should give exactly β2 = 0 or β2 = 1. By
setting β2 = 0, one obtains the phase boundary between SLC and the dimer MI, given by
28
5
t
( v
u
)2
+ (G32 +G12)
( v
u
)
− t = 0 ,
∆− 18
5
zt
( v
u
)
+
1
5
z
( v
u
)2
(16G42 − 7G32 + 21G22 − 12G12)− 36
5
zt
( v
u
)2
= 0 .
(33)
For β2 = 1, the phase boundary between SLC and the trimer MI is given by
48
5
t
( v
u
)2
+ (G42 +G22 − 2∆)
( v
u
)
− t = 0 ,
∆− 22
5
zt
( v
u
)
+
1
5
z
( v
u
)2
(32G42 − 21G32 + 27G22 − 16G12 − 22∆) + 36
5
zt
( v
u
)2
= 0 .
(34)
To find the explicit expression of the phase boundaries, one has to eliminate (v/u) from Eqs. (33) and (34). In the
elimination, one should ensure (v/u) > 0 for the result to be physical. One can further verify that 0 < |β2| < 1 in
between the two phase boundaries. In Fig. 2 in the main text, we have plotted explicitly the phase boundaries for
U4 = 3U2 = 30U0 and z = 4. In particular in Fig. 4 below, we have calculated how the value of |β|2 varies with
respect to the chemical potential µ for zt/U0 = 5.5. It can be explicitly seen that the system undergoes the phase
transitions from dimer MI to SLC and then to trimer MI.
In the limit t/Ea  1, one finds in both cases v/u ∝ t/Ea, so the phase boundaries have the limiting form:
∆ + a±
zt2
Ea
= ±b2±
zt3
E2a
, (35)
where a± and b± are coefficients depending on the interactions U2J only. As is defined before, ∆ can be further
replaced by µ0 − µ.
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Determination of the phase boundary of spinor BEC
The phase boundary between Mott insulator and spinor BEC is obtained based on the Gutzwiller variational wave
function method used in many previous studies. We first consider the transition from a dimer MI to a spinor BEC.
The method proposes the following direct product wave function:
|ϕ〉 =
∏
i
(√
1− |η|2 − |ξ|2|2, 0, 0〉i + η
∑
m
ϕm|3, 2,m〉i + ξ∗
∑
m
(−1)mϕ∗m|1, 2,−m〉i
)
, (36)
where ϕ is a normalized spinor that characterizes the spinor BEC phase. The energy expectation of this wave function
can be easily derived as:
Espinor = |η|2E32 + |ξ|2E12 − zt
(
1− |η|2 − |ξ|2) ∣∣∣∣∣
√
7
5
η +
√
2
5
ξ
∣∣∣∣∣
2
= (η∗, ξ∗)
(
E32 − 75zt −
√
14
5 zt
−
√
14
5 zt E12 − 25zt
)(
η
ξ
)
+ higher order terms ,
(37)
When the quadratic term (η∗, ξ∗)M(η, ξ)T becomes non-positive, where M stands for the 2× 2 matrix in the above,
the system falls into a spinor BEC phase. So the phase boundary is simply determined by the condition detM = 0.
Similarly we can obtain the phase boundary between the trimer MI and the the spinor BEC phase. The phase
boundary between SLC and spinor BEC can then be obtained via an interpolation.
However, this method is only accurate to the first order of t/Ea. With higher order corrections, the phase boundary
should be further modified. On the other hand, the calculation for the SLC phase in the previous section is done up
to the third order of t/Ea, which may not match very well with the calculation here for spinor BEC. Therefore, we
add a higher order correction to the spinor BEC phase boundary, so that the predicted triple point of the dimer MI,
trimer MI and the spinor BEC calculated using this Gutzwiller method is located inside the SLC phase obtained in
the last section. The resulting phase diagram is shown in Fig. 2. We further note that according to Ref. [5–7], the
spinor BEC phase in the case U4 = 3U2 = 30U0 should be a spin 2 nematic phase.
Mapping between the norm of the SLC state and the loop gas
The classical loop gas model has been used to study the RVB state in fermionic systems [30]. Following the same
idea, we can also construct the loop gas model in equivalent to the norm of the SLC wave function |SLC〉. The norm
of |SLC〉 can then be calculated numerically with the loop gas model. Following Ref. [30], we briefly sketch the
mapping here.
As a simplest mapping, we keep only the contributions of singlet resonating valence bonds of length L = 1. The
non-normalized wave function of one such valence bond is |b〉ij as is defined previously. Similarly, we can construct
the wave function |bM〉 of an arbitrary valence bond (L = 1) configuration M,
|bM =
∏
〈ij〉∈M
[∑
m
(ψ†i,mψj,m + ψi,mψ
†
j,m)
]∏
k
|s〉k , (38)
where a site can at most connect to one valence bond (L = 1). In this approximation, one finds the wave function
|SLC〉 the superposition of all kinds of such configurations
|SLC〉 = uzNS/2
∏
i
|s〉i +
∑
M
vLMuzNS/2−LM |bM〉 , (39)
where LM is the total number of valence bonds in the configuration M. We note that all the coefficients of superpo-
sition are real and positive, as is concluded previously.
To calculate the norm of |SLC〉, one has to calculate the overlap between two configurations 〈bM|bM′〉. Analogous
to the argument in Ref. [30], the overlap is non-zero only if the overlap of M and M′ consists only of closed loops
of valence bonds. In the calculation, the loops of length Lc = 2 (formed by a bond and itself) have a different
contribution from those of loops of length Lc > 2. Besides, a loop has a non-zero contribution only if Lc is even
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(which is always satisfied in a square or cubic lattice), since no odd length loop can occur in the overlap of M and
M′. Concretely, a Lc = 2 loop’s contribution is given by
v2uzNS/2−2ij〈b|b〉ij = uzNS/2
( v
u
)2
· 2
5
(2 + β2)(7 + β2) = 10uzNS/2e−2b , (40)
while that of a Lc > 2 loop C is given by
2vLcuzNS/2−Lc
Lc∏
i=1∈C
i−1,i〈b|b〉i,i+1 = 2uzNS/2
( v
u
)Lc · 20 [ (2 + β2)(7 + β2)
25
]Lc/2
= 20uzNS/2e−Lcb , (41)
where we have defined an “energy” b, and the additional factor 2 for Lc > 2 loops comes from the fact that the
(alternating) bonds can come from either M or M′ [30]. Therefore, if we use MC to denote a configuration of
non-intersecting loops with even lengths, where there are PLc(MC) number of loops with length Lc, the norm of wave
function |SLC〉 is given by
〈SLC|SLC〉 = uzNS/2
∑
MC
e−bL(MC)+P (MC) ln 20−P2(MC) ln 2 , (42)
where P (MC) =
∑
Lc
PLc is the total number of loops, and L(MC) =
∑
Lc
LcPLc is the total length of all the loops.
This expression can be viewed as the partition function of a classical loop gas model, where the energy of a loop is
proportional to its length, and the chemical potential of Lc = 2 loops differs from that of Lc > 2 loops. The norm
can therefore be calculated using a Monte Carlo method.
In principle, the calculation of the variational energy can also be embedded in the loop gas model [30], which shall
not discuss the details here. We note that different from the loop gas model for RVB state, the loop gas model here
does not require each site to be connected to a loop. The loop configurations here can then consist of very few loops.
In this simplest approximation, the loop gas model contains only non-intersecting loops, namely has an infinite
contact repulsion between the loops. If one keeps singlet valence bonds with length L > 1, one could obtain a model
where the loops can intersect with each other with an interaction energy. This is more complicated and beyond the
discussion here.
